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ABSTRACT: This study generalizes the economic growth model of heterogeneous
households proposed by Zhang (2017). Zhang’s model is built on Ricardian theory of
distribution, Walrasian general equilibrium theory, and neoclassical growth theory.
The heterogeneous-household economy is composed of a consumer goods sector, an
agricultural goods sector, and one capital goods sector. Technology, land, population
and human capital are exogenous. This paper generalizes Zhang’s model by allowing
constant coefficients to be time-dependent. We show the existence of business cycles
due to different exogenous oscillatory changes.
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1. Introduction

Zhang (2017) recently proposes a growth model which is built on micro behavior to reveal
complexity of macroeconomic phenomena. This study generalizes Zhang’s economic growth
model with economic structure and heterogeneous households. Different from most of the
growth models with endogenous wealth, the model takes account of land distribution and
determines endogenously land value. The model is built by integrating the main determinants
of economic growth in the three important theories in economics - Walrasian general
equilibrium theory, Ricardian theory of distribution, and neoclassical growth theory.
Walrasian general equilibrium theory of pure exchange and production economies
has been well developed over more than one hundred years (Walras 1874; Arrow and
Debreu 1954; Debreu 1959; Arrow and Hahn 1971; and Mas-Colell et al. 1995). The
general equilibrium theory reveals economic mechanisms of production, consumption, and
exchanges when durable variables, such as resources, wealth, and environment, are
exogenously given. The theory fails to deal with issues related to, for instance, endogenous
wealth accumulation (e.g., Impicciatore et al. 2012). This study models behavior of
households with wealth accumulation. Ricardian theory of distribution shows how that
wages, interest rate, and rent can be determined within a compact theory (Ricardo 1821).
This study applies Ricardian theory in the sense that it includes land and endogenous
determination of land rent in Walrasian theory (Samuelson 1959; Barkai 1959; Pasinetti
1960; Negish 1989; Morishima 1989). It is well known that neither the Walrasian theory
nor Ricardian theory provides a profound microeconomic mechanism of wealth
accumulation. Neoclassical growth theory models endogenous wealth accumulation on the
basis of microeconomic mechanism (e.g., Solow 1956; Burmeister and Dobell 1970;
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Jensen and Larsen 2005; Zhang 2005a). Zhang (2017) integrates the economic mechanisms
of the three theories in economics into an integrated analytical framework. This study
generalizes Zhang’s model by allowing constant coefficients to be time-dependent. The
generalization makes the original model more robust as it can analyze any impact of
exogenous changes on the economic behavior. The paper also makes a contribution to the
literature of business cycles (Zhang 1991, 2005, 2006; Lorenz 1993; Chiarella and Flaschel
2000; Shone 2002; Gandolfo 2005; Puu 2011; Stachurski et al. 2014). The rest of the paper
is organized as follows. Section 2 builds generalizes Zhang’s model by allowing constant
coefficients to be time-dependent. Section 3 studies properties of the heterogeneous-
household model and simulates the model for an economy of three types of households
with all the coefficients being constant. Section 4 shows the existence of business cycles to
different periodic exogenous shocks. Section 5 concludes the study.

2. The basic model

This section generalizes Zhang’s model merely by allowing constant coefficients to be time-
dependent. We refer explanations of modelling in detail to Zhang (2017). The economy is
composed of agricultural, capital goods and consumer goods sector. We generalize the
Uzawa two sector model by adding agricultural sector (Uzawa 1961). Neoclassical growth
theory is the analytical framework upon which we describe markets and production sectors.
Households own the assets of the economy. We apply Zhang’s concept of disposable income
and utility function to describe human behavior. Households use up their disposable incomes
to consume and save. All the markets are perfectly competitive. All factors are fully utilized.

The population is composed of multiple groups. Each group has population, N; (t)’

(j =L..J ). In the Walrasian general equilibrium theory, N; =1 We measure prices in
terms of capital goods. Capital goods is selected to serve as numeriare. We denote the wage

rate of worker of type J and rate of interest by Wi (t) and " (t)9 respectively. Let Pa (t) and
Py (Z) denote respectively the prices of agricultural commodity and consumer goods at time
!- Land rent R(t )is identical in the economy. Let land be denoted by L(t ) Total capital stock
K (t ) is allocated between the three sectors. We use subscript index, ¢° I and § to represent
agricultural sector, capital goods sector, and consumers good sectors, respectively. Let N (t)

and K, (t) stand for the labor force and capital stocks employed by sector "+ Let L, (Z) stand
for the land used by the agricultural sector. We use F, (t) to represent output level of sector

m, m=a,i,s. The total population N (t) and total qualified labor supply N (t) are
0= SN0, M0 =S4, 0F,0), )

J=1 J=1

in which 7, (z) is the human capital of group ;. Full employment of labor force is

N, (1) + N,(0)+ N () = N(0). @)
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We introduce

(t)

T)’ m=a,li,s.

km(t)E m(t), k(t)

m

K
N
The agricultural sector

There are three input factors, land, labor force, and capital, in the agricultural production. The
agricultural sector’s production function takes on the following form

a,(t), B,(1).<(0)>0, a,(t)+ B,(t) + clr) =1, (3)

) 0. COPOED ) BORWOED by Op0E0)

K, (t) Ne) L) 7
The capital goods sector
The capital goods sector’s production function is specified as follows
F:(t) =4 (t)Kiai(t)(t)Niﬂ[(t)(t)a ai(t)a ﬁi(t) >0, ai(t) + ﬂi(t) =1, (5)

where A4, (l), a; (l), and S (z) are parameters. The marginal conditions for the capital goods
sector are given by

#e)+ 6,(t) - ai(t)F;'(t)’ wlt) = /J’i(f)Fi(f). )

The consumer goods sector
The consumer goods sector’s production function takes on the following form

F ()= 40K ONP ), a(6)+ B.6)=1. a(t), 5.(0)> 0, (7)

where A (t), a, (t), and S, (t) are the technological parameter of the service sector. The
marginal conditions are

#e)+ 6,(c) = Ofs(f)ll;sg;ﬂ(t)’ wlt) = ﬁ(f)]l\?]g;F(f) )

s

Consumer behaviors and wealth dynamics
We apply the model Zhang (2005a). This study applies the public land ownership. The
revenue of land is distributed between the population equally. The total land revenue is given
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by R(z‘)L(t). We use k ; (t) and F(t) to represent per household wealth of group ; and land

revenue. We have

where K ; (t) is the total wealth held by group ;. Per household’s current income from the
wage payment /, (t)w(t), the interest payment r(t)E (t), and land ownership F(t) is

v, (e)=r(e)ic,(e) + , (e)wle) + 7(2).

Per household’s disposable income is the sum of the current disposable income and the value
of wealth

)A}j(t)=yj(t)+kj(t)' 9)

A household uses up the disposable income for savings s, (t), housing (measured by lot size
lj (t)), consumption of agricultural goods ¢, (t), and consumption of consumer goods c,; (t)

The household is subject to the following budget constraint
R () + p,()e, )+ p.(e)e, () + 5, () = 5, (e). (10)

Utility level U, (t) is a function of /, (t), Cy (t), Cy (t), and s; (t), as follows

U, ()= 1o e )sy e, 0, w0, 0). &, (0, A e) > 0,

where 7, (t) is propensity to consume housing, & (t) to consume agricultural goods, &, (t)
to consume consumer goods, and 4, (t) to save, respectively. The marginal conditions for

maximizing the utility function subject to the budget constraints are

RO () =n,0)5,0) p, (e, ()=, ()5, (0), p.(1)e,(e) = &), ().

5,(t)=2,0),(c), (11)

in which

7,(t)= o, (0o, 1), 14,(0) = p, (), (1), £,(0) = p, ()5, (0), 2, () = o, (), ).

1
) 770j(t)+ Mo_;(t)"' §Oj(t)+ /10_;(1‘).

p;(t)

The household’s change of wealth is savings minus dissavings
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£ 0=5 0~ 5,0)= 405,00~ (). (12)

Demand and supply of the three sectors
Equilibrium in agricultural good markets is

Se, (0,0 - £,(0). (13)

J=1

Equilibrium in consumer goods markets is

Se, (0N, 0)- £ (). (14

J=1

The output of the capital goods sector is used up for the net savings and the depreciation of
capital stock

S(t) - K(t) + 0,(0)K () = F (o), (15)

where

J J
ES} Ekf N
J=

J=1

Full employment of input factors
The three sectors use up total capital stock K (t)

K (6)+ K.(¢)+ K, (t) = K(¢). (16)

The land is fully used
J P—
t)+ 3 1,(0)N, () = L() (17)
7=
The model is completed. It is a generalization of Zhang’s model (Zhang 2017). It is
structurally similar to some well-known models (Solow 1956; Uzawa 1961; Samuelson 1959;
Pasinetti 1960; Todaro 1969).

3. The dynamics and its properties

The previous developed the model. We now show a computational program to follow
movement of the system. The following lemma shows that the dimension of the dynamical
system is equal to the number of types of households. We also provide a computational
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procedure for calculating all the variables at any point in time. First, we define Z(z)and

{Ej (t )} by

Lemma
The motion of the economic system is given by J differential equations

0= A0, 0} )
l;/(t)= A./(Z(t)’ {E/(f)}’ t)’ J=250J,

in which A, (1) are functions of z(t), {Ej (t)} and ¢ defined in the Appendix. Other variables
are given as functions of z(t), {Ej (t)} and ¢ as follows: r(t) and w, (1) by (A3) — k,(z) by
(A17) — N,(t) by (Al4) — N,(¢t), N,(¢), and 7(¢) by (A13) — R()=7()N(t)/L(r) —
w(t) = w(t)/ i (e) = 3,(c) by (A6) = K, (¢), K,(¢), and K,(t) by (A1) = F¢), F,(¢)and
Fa(t) by the definitions — ps(t) by (A4) — pa(t) by (4) — lj(t), csj(t), caj(t), and sj(t)
by (11) = K(¢) by (16).

(18)

The lemma gives a computational procedure for plotting the motion of the economy with any
number of types of households. The rest of this section studies properties of the dynamic
system when all the coefficients are constant. The following case is examined by Zhang
(2017). We summarize the results. We specify parameter values as follows:

A4 =13, A =1, 4 =08, L=10, @, =034, a =03, a, =0.17, B, =02,
8, =005, N, =12, N, =40, N, =20,

h, 3\ (Ao (078\ (E,\ (012 (m,\ (02 (m,\ (0.06
hy =150, | Ay |=]075], | & |=]0.16], |7y |=]0.16], |y |=]0.08].
hl lo6) (A, ) (07]) |&) l018) |nmy) 0.14) {s) (0.09

(19)
Initial conditions are as follows
2(0) = 0.045, k,(0)=15, k(0)=38.5.
The motion of the variables is plotted in Figure 1. In Figure 1, the national income is

Y()= E()+ p.(0)E () + p,()F, (1) + (2, - L,()RG).
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Figure 1. The Motion of the Economic System
We have the equilibrium values of the variables as follows

Y =5962, K =1025.6, F, =5128, F, =1489, F, =528, r=0046, R =29.42,
p, =20.02, p. =142, w =564, w, =282, w, =113, L, =226, N, =11.25,

N, =18.0, N, =78.75, K, =186.5, K, =180.9, K, = 6582, k =22.07, k, = 14.18,
k, =967, ¢, =239, ¢, =213, ¢, =175, ¢, =0.085, ¢, =0.075, c, = 0.062,
I, =0.192, 1, =0.103, I, = 0.066. (20)

The three eigenvalues are
{-0335, -0.303, -0.159}.

The equilibrium point is locally stable. This guarantees validity of comparative dynamic
analysis in the next section.

4. Comparative dynamic analysis

We showed the movement of the national economy when coefficients are constant. This
section shows oscillations around the paths plotted Figure 1. We apply variable Kx/(t) to

represent the change rate of variable, x, (t), in percentage due to changes in parameter values.

4.1. Group 1’ propensity to save periodically oscillates

It is essential to take account in variety of preferences in order to properly model economic
structural change and economic development. Nevertheless, Walrasian general equilibrium
theory has failed to provide a proper analytical framework for examining important issues
related to growth and distribution. Our Walrasian equilibrium model with endogenous capital
enables to examine how any exogenous time-dependent shocks affect growth and income and
wealth distribution. We now examine a case that group 1’ propensity to save periodically
oscillates as follows:

2, (t) = 0.78 + 0.01sin 7).

17



RAIS Journal for Social Sciences | VOL. 2, No. 2, 2018

Figure 2 plots the simulation results. The national economy experiences business cycles. The
variables related to group 1’s oscillate more greatly than the corresponding variables of the
other two groups.
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Figure 2. Group 1’ Propensity to Save Periodically Oscillates

4.2. Group 1’s human capital periodically oscillates

Human capital is an important determinant of economic growth. We now examine whether
exogenous changes in human capital may result in business cycles. We now allow group 1’s
human capital to periodically oscillate as follows:

h() =3 + 0.1sin(z).

We plot the simulation results in Figure 3. Time-dependent perturbations in group 1's
human capital results in business cycles in the national economy.
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Figure 3. Group 1’s Human Capital Periodically Oscillates

4.3. Group 3’s propensity to consume agricultural good periodically oscillates

We now examine how group 3's preference for agricultural good may affect the economic
structure and growth. We allow group 3 to increase its propensity to consume agricultural
good as follows: g, : 0.09 = 0.11.
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Figure 4. Group 3’s Propensity to Consume Agricultural Good Periodically Oscillates

4.4. Group 3’s population periodically oscillates

There are many theoretical growth models with human capital and population (e.g., Galor
and Weil 1999; Bretschger 2013). There are mixed conclusions from empirical studies related
to issues (e.g., Furuoka 2009; Yao et al. 2013). Although this study does not analyze
endogenous change in population, we show that periodic population change results in
business cycles. We consider a case that group 3's population periodically oscillates as
follows:

N,(r) = 20 + sin(z).
Figure 5 plots the simulation results
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Figure 5. Group 3’s Population Periodically Oscillates

5. Concluding Remarks

This study generalized the economic growth model of heterogeneous households proposed by
Zhang (2017). Zhang’s model is built on three well-known Ricardian theory of distribution,
Walrasian general equilibrium theory, and neoclassical growth theory. The heterogeneous-
household economy is composed of one consumer goods sector, one agricultural goods sector,
and one capital goods sector. Technology, land, population and human capital are exogenous.
This paper generalizes Zhang’s model by allowing constant coefficients to be time-dependent.
We showed existence of business cycles due to different exogenous oscillatory changes. As it
is developed on the basis of some well-known theoretical models and each of these models
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has a vast literature of its extensions and generalizations, our model may be generalized and
extended in different ways.

Appendix: Proving the lemma
From (4), (6), and (8), we get

r+6, N, N, N, (A1)

w _EJKa=EKi=ESKs’

z

inwhich 8, = 8, /a,, . Equations (A1) and (15) imply

EaKa+_iKi+/;)sKs=E' (AZ)
z
Substitute (A1) into (4)
r=az" -6, w=a,z%, (A3)

in which
@, = aiAi/;)iﬂl , a;=h; B A B

By (7) and (8), we get

p P (A4)
- B4,
Equation (4) implies
= (A5)
B, R
With (A3) and the definitions of J,, we get
j/j=(1+r)1€j+hjw+l7. (A6)
Substitute p c, =&y, into (13)
J —_—
zé:ijyj=psF;' (A7)
=
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From (A6) and (A7) we have

wN, _ o S~
—S—rg0=2gjk.+gW, (A8)

z — wN
E/“‘j ViNj=—=, (A9)

in whichwe apply p, F, = wN,/f,. Insert (A6) in (A9)

~ J ~ —_— ~
WN, % h k. +wh, (A10)
/5 0 ' J
a J=
in which

h(z)=(+r)uN;. h E_Ehjﬂij’ hy E_El‘ij'

J
wely S, 9N, =RL. (A11)
=

AN TR
- +\N =hy)Jr=Yh.k, + hw, (A12)
B, 0 ;J J
in which

_ _ J . J o
hj(Z)E (1+ V)’7.1Nj’ h = Ehjanj’ hy = E n;N;-
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It is straightforward to solve (A8), (A10) and (A12) with N,, N, and 7 as variables as
follows

N (5) )= S, 0, (A13)

J=1

F(z, (Ei)’ t)= Z‘pRJ(Z’ t)lgj

Explicit expressions of ¢ (z, t) are not given as they are tedious. Equations (2) and (A13)
imply

Nz (&) 0)= So, 2.0k, (A14)
=
By (16), (A1),and K = Eillzj N, , we obtain
N, N, N L=
Ny N N, _ v (A15)
ﬂa i /))s Z; Y

J p—
Nz, 0)k; =0, (A16)
7=
in which
¢a/ ¢[/’ ¢V] AT
pl\z,t)=—=—+—=+—=-zN,.
/( ) ﬂa /31' ﬂs ’

Solve (A16) in

& =o(z{k}.1)

1 J
- Al17
¢E (A17)

We now confirmed the computational procedure in the Lemma. With the procedure,
(A21),and (12), we get

k=0 )=25 -0, (A18)
22
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k=AGfL)=a5, -k, =3, (A19)

J

Taking derivatives of equation (A17) in ¢ and applying (A18), we have

k299:,.99 .5 92 (A20)
0z ot ,

Equal the right-hand sides of equations (A18) and (A20)

— g L, @
- ZAj_?
ot & ok,

In summary, we confirmed the Lemma.

8_¢ -1
(az) . (A21)
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